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Let S be a semigroup. Following the notation and terminology of A. H. CLIF-
FORD and G. B. PRESTON [1] we shall say that S is regular if a£aSa for each element 
a in S. A semigroup S is called duo semigroup if every one-sided ideal of S is a 
two-sided ideal. We shall prove that in a regular duo semigroup every bi-ideal 
is a two-sided ideal. More generally we establish that every (m, w)-ideal of a regular 
duo semigroup is also a two-sided ideal, if m, n are non-negative integers such that 
m + n > 0. For the definition and fundamental properties of (m, «)-ideals we refer 
to the author 's paper [2]. 
First we need the following result. 
T h e o r e m 1. A non-empty subset A of a regular semigroup S is a bi-ideal of 
S if and only if there exists a left ideal L and a right ideal R of S such that A = RL, 
P r o o f . Let A be a bi-ideal of a regular semigroup S. We show that it is the pro-
duct of the smallest right ideal of 5 containing A and the smallest left ideal of S 
containing A: 
'(1) A = (AUAS)(AUSA). 
It is easy to see that the inclusion 
(2) Ag(AUAS)(AUSA) = A2UASA 
holds because a = axa£ASA for each element a in A. The converse inclusion 
(3) (AUAS)(AUSA)^A 
also holds since A is a bi-ideal of 5. 
Conversely we prove that if S is an arbitrary semigroup, L is a left ideal and 
J? is a right ideal of S then the product RL is a bi-ideal of S. It is evident that 
(4) (RL)(RL)^RL, 
that is the product RL is a subsemigroup of S. On the other hand 
(5) ( R L ) S ( R L ) Q R S L Q R L , 
i.e. RL is a bi-ideal of 5. This completes the proof of Theorem 1. 
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T h e o r e m 2. Every bi-ideaí of a regular duo semigroup is a two-sided ideal. 
P r o o f . The statement of Theorem 2 is an easy consequence of Theorem 1 
because the product of two-sided ideals is also a two-sided ideal. 
C o r o l l a r y . Every quasi-ideal of a regular duo semigroup is a .two-sided ideal. 
This follows from Theorem 2 because every quasi-ideal is a bi-ideal. 
T h e o r e m 3. Suppose that S is a regular duo semigroup and m, n are non-
negative integers so that m + n > 0. Then every (m,n)-ideal of S is a two-sided 
ideal of S. 
P r o o f . The statement of Theorem 3 follows from Theorem.2 and from Theorem 
1.5 in the author 's paper [2] by mathematical induction. 
Let S be a semigroup which is a semilattice of groups. It is known that S is 
a regular duo semigroup (see [1] or [3]). Applying Theorems 2 and 3 we obtain 
the following results. 
T h e o r e m 4. Let S be a semigroup which is a semilattice of groups. Then every 
bi-ideal of S is a two-sided ideal. 
T h e o r e m 5. Suppose that S is a semigroup which is a semilattice of groups 
and m, n are non-negative integers such that m+n >0. Then every (m. n)-ideal of S 
is a two-sided ideal of S. 
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